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A sensor which measures physical parameters of a liquid 
with high sensitivity and accuracy is in great demand in 
medicine, biology, chemistry and environmental science [1]. 
Recently, resurgent interest in Lamb waves was initiated in 
their applications of multisensors [2]. The principle of 
these Lamb-Wave Sensors is that the propagation velocity of 
Lamb waves changes when a plate is bordered with a liquid. 
In this paper, we report the results of our recent 
theoretical investigations of the effects of bordering liquid 
layers on the propagation of Lamb waves in asolid plate. 
We devote the first part of the paper to the derivation 
of dispersion relations of Lamb waves in a plate borde red 
with layers of a liquid at its both sides. Numerical 
solutions of the dispersion equations are presented in the 
second part. For very thin plates that is of interest of 
biosensing applications, the numerica1 resu1ts are compared 
with those derived from a treatment using concept of acoustic 
impedance of bending waves. We show that the acoustic 
impedance approach is an good approximation for a thin plate. 
We also show that for the case when a thin plate is in 
contact with a liquid layer at one side, the acoustic 
impedance approach is appropriate. 
DISPERSION EQUATIONS 
The configuration of the case for investigation is as 
follows: A solid isotropie plate of thickness 2d extends to 
infinity in both the x and y directions (Fig. 1). It is 
bordered on both the top and the bottom sides of the plate 
with an infinitely large layer of homogeneous liquid of 
thickness, h. A harmonie Lamb wave propagates along the x 
direction. The displacement potential functions of 
longitudinal waves and shear waves in solid, rPs and ws' are 
used to describe wave propagation in a plate. The x and z 
components of the displacement, Us and ws' respectively, are 
gi yen by U s = arPs/ax - aws/az and Ws = arPs/az + aws/ax [3]. The 
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Fig. 1. Illustration of the coordinate system used. 
displacement potential functions of hl and rPL2 are used for the 
same purpose for the top and the bottom parts of the liquids 
respecti vely, i. e. u Li = ß<pLi / ßx, wLi = ß<pLi / ß z (i = 1 for the 
top liquid and i = 2 for the bottom liquid). For an ideal 
liquid, they all observe the so-called the Helmholtz equation 
as folIows: 
(I) 
where kl = w/c l, kt = w/c t , kL = w/cL' W is the angular frequency, cl' Ct ' 
and CL are the speeds of the longitudinal waves in the solid, 
transverse waves in the solid and the speed of sound in the 
liquid respectively. We now seek the harmonie travelling-
wave (in x direction) solutions of equation 1 as 
rPs = [Ascosh(qz) + Basinh(qz)]exp[i(wt - kx)] for (-d :0:; z :0:; d), 
Ws = [Dssinh(sz) + Cacosh(sz)]exp[i(wt - kx)] for (-d :0:; z :0:; d), 
rPLl = A1sin{f[z - (d + h)]}exp[i(wt - kx)] for [d :0:; z :0:; (d + h)], (2) 
rPL2 = A2sin{f[z + (d + h)]}exp[i(wt - kx)] for [-Cd + h) :0:; z :0:; -d], 
where k is the wave number of the travelling waves, q = (k2_ kl2)1/2, 
S = (k2 - kt 2)1/2, and '1 = (kL2 - k2)1/2. The main difference between this 
case and the case of Leaky Lamb waves is that the functions 
rPLl and rPL2 here are chosen in such a way that the acoustical 
pressure is zero at z = ± (d + h); in other words, rPLl and rPL2 
here are of standing waves solutions, for Leaky Lamb waves 
they are of travelling waves. The wave number k is to be 
determined by satisfying the following boundary conditions. 
At the solid-liquid interfaces (z = ± d): 1. the magnitude of 
the normal component of the stress tensor of the plate, ~z= 
)..(a2rPs/ax2 + a2rPs/az2) + 2Jt(a2rPs/az2 + a2ws/axaz) , where).. and Jt are the 
elastic Lame constants, should be equal to the pressure of 
the liquid; 2. the tangential component of the stress 
tensor, 0xz = Jt(2a2rPs/axaz + a2ws/ax2 - a2ws/az2), should be zero; 3. the 
normal component of the displacement of the solid, Ws = (arPs/az + 
aws/ax), should be equal to that of liquid there, wL = (arPdaz). 
Note that cl = [().. + 2Jt)/PS]1/2 (Ps and PL, which will appear later, are the 
densities of the solid and the liquid respectively) and ct = 
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Fig.2. Plots of the numerical solutions of the relative 
phase velocity change, (c - cso)/cso ' VS h/A L from 
Eq. 4 for So mode (1 MHz) in the presence of water 
layers on two sides of the aluminum plate of thickness 
0.0954 cm. 
(J1.l pS)1/2, the following set of equations should be satisfied: 
ps[a2<psl at2 - 2Ct2(a2<psl ax2 - a2wsl axaz)1Iz=+d =-W2PL<PL1(2)lz=+d' 
(a2Wsl az2 - a2wsl ax2 - 2a2<psl axaz)lz=±d = O~ - (3) 
(a<pslaz + aWslax)lz=±d = a<PLl(2j1a zlz=±d· 
Substituting Eq. 2 into Eq. 3 and after some algebraic 
manipulations of the determinant, the conditions of y * 0 and 
yh * (2n + 1)~/2, n = 0, 1 , 2 ... lead to the following two 
equations: 
(k2 + S2)2coth(qd) - 4k2qscoth(sd) = -(pd ps)k t 4qtan(-yh)!i, 
(k2 + s2)2tanh(qd) - 4k2qstanh(sd) = -(PLI ps)k t 4qtan(ih )!i. 
(4) 
(5) 
If we let PL approach zero, Eqs. 4 and 5 recover the 
dispersion equations for Lamb waves of free boundaries [3]. 
If we let d approach infinity, Eqs. 4 and 5 become the 
dispersion equations for Rayleigh waves in the case of an 
infinite half-spaced solid bordered with a liquid layer of 
finite thickness[3]. 
Like the Lamb waves of free boundary cases, when k is 
determined by Eq. 4, the waves may be called symmetrical Lamb 
waves (S modes) when k is determined by Eq. 5, the waves 
may be called antisymmetrical Lamb waves (A modes) . 
One observation of the dispersion equations is that h, 
the thickness of the liquid layer on the right sides of the 
equations, is a parameter of the periodic tangent function. 
This reflects the periodic nature of the influence due to the 
presence of the liquid layers of varying thickness which has 
been confirmed by our numerical calculations discussed in the 
next section. 
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NUMERICAL CALCULATIONS 
For a particular mode of Lamb waves, we may solve for 
k numerically in equations 4 and 5 for various h. From the 
value of k, we may then calculate the phase velocity c, which 
is equal to w/k, for the particular h. Since the lowest 
symmetrical mode So and antisymmetrical mode Ao are most 
commonly used in sensor applications, we solve the cases of 
So and Ao modes for plates of the different thickness. 
A Plate of Medium Thickness 
A plate thickness is such that ktd ~ 1. For the 
calculations followed, frequency is set equal to 1 MHz, the 
speed of sound in water, CL = 1.5X105 cm/s, the wavelength of 
the sound waves in water of the frequency AL = 0.15 cm, the 
thickness of the aluminum plate, 2d = 0.954 mm, cl' c t ' the 
phase velocity of So mode, c so ' and the phase velocity of Ao 
mode, c aO ' at the frequency and thickness are, respectively, 
equal to 6.4X105 , 3.0X105 , 5.250xl05 cm/s, and 2.30x105 • 
Figure 2 contains a plot of the numerical results of 
the relative change of the phase velocity for the aluminum 
plate, (c - c~)/c~, vs the ratio of the thickness of water 
to the wavelength of acoustic waves in water, h/AL, where c 
is the phase velocity when there is water layers present. 
One observation of the plot is that the value of (c - c so ) /cso 
decreasingly approaches (CL - cso)/cso as h/AL increases from 
O. When h/AL just passes 0.25AL from the left, the second 
branch of (c - cso)/cso appears. The value of (c - cso)/cso of 
the second branch decreases from a value very close to (Cl -
cso)/cso until h/\ reaches 0.78. Then, the third branch 
appears. The thlrd branch looks similar with the second one. 
The ranges of h/AL both for the second and third branches are 
approximately equal to 0.5. This kind of process repeats; 
more branches emerge as h/A L keeps increasing. Notice that 
when h/AL = (2n + 1)/4, where n = 0,1,2 •.. , the values of the 
thickness of water, h, happen to satisfy the conditions of 
the acoustic modes along z direction for a liquid layer which 
is free on the top and fixed on the bottom. 
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Fig.3. Plots of the particle velocity amplitude of water, 
WL(Z)/WL(h+d) , vs (z-d)/h. Three curves from the top 
to the bottom correspond respectively to h/AL = 0.067, 
0.20, and 0.25 of the first branch. 
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To understand the physics of these branches, we plot 
the normalized displacement amplitude of water, WL(Z)/WL(d+h), 
vs the vertical position in the liquid for different h/AL. 
Incidentally, these curves shown in Fig. 3 could only be used 
to compare the amplitude at different z on the same curve for 
the same h/AL and should not be used to compare the 
amplitudes between the different curves corresponding to 
different h/AL. Figure 3 contains three curves corresponding 
to three different h for the first branch; from the top to 
the bottom, h/AL = 0.067, 0.20, 0.25 respectively. Notice 
the first mode of the liquid gradually developed as h/AL 
increases from 0 to 0.25. It can easily shown the second 
mode of the liquid gradually developed within the range of 
the liquid thickness corresponding to the second branch, and 
so on. 
Figure 4 is a plot which shows relative phase velocity 
change of Ao mode for the same situation of So mode shown in 
Fig. (2). Note that the second and third branches emerge at 
h/AL = 0.34, 0.92 respectively. 
A Thin Plate 
A plate is thin when ktd «1. This is a regime that 
is of great interest for biosensing . We have calculated the 
relative change both for the phase velocity of Ao and So modes 
for two different cases . The first one is for an aluminum 
plate of thickness of 50 ~m; frequency is 1 MHz, thus ktd ~ 
0.1. The other parameters are the same as before. The 
symbols of "+" in Fig. 5 are the numerical results calculated 
from the dispersion equations, which show that the relative 
phase velocity, (c - caO)/caO ' is a decreasing function of 
h/(2d) . For the interest of practical applications we do not 
include the results of the cases when h/(2d) > 2. 
The second case is for an thin Zinc Oxide (ZnO) film 
of thickness of 3.0 ~m that is widely used for biosensors 
[2] . For this case Ps = 5 . 68x103 kg/m3 , Cl = 6.4x105 cm/s, 
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Fig . 4. A plot of the relative phase velocity change of Ao 
mode for the same situation of Fig . 2. 
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Fig.5. The relative phase velocity change vs h/(2d) for the 
case of ktd ~ 0.1. The symbols of "+" represent the 
results calculated from the dispersion equations when 
both sides of the plate are bordered with a water 
layer, the symbols of the empty rectangles stand for 
the results calculated from the acoustic impedance 
approach for the same situation, and the symbols of 
"*,, represent the results derived from the acoustic 
impedance approach when only one side of the plate is 
borde red with a water layer. 
c t = 2.945xl05 cm/s, frequency = 4.7 MHz. Thus ktd ~ 0.015. 
The symbols of "+" in Fig. 6 represent the numerlcal results 
of the relative change of the phase velocity calculated from 
the dispersion equations. Compared Fig. 6 with Fig. 5, in 
the range between 0 and 2.0 for h/(2d), the relative changes 
of the phase velocity look very similar for these two cases. 
Notice that the horizontal axis in both cases is h/(2d) and d 
is different for these two cases. Therefore, to achieve the 
same amount of the relative phase velocity change, it needs 
thicker water layer for thick plate than the thin plate. 
As far as So mode is concerned, for these two cases, 
it is found that the relative changes of the phase velocity 
is negligible. This, in fact, suggests that So mode of thin 
plate is not a good choice for biosensing regarding to 
applications of this principle. 
For cases of ktd « 1, So mode becomes dispersionless; 
the phase velocity is equal to the group velocity and equal 
to {E/[ps(l - u2)} }1/2, where E is Young's modulus and u is 
Poisson's ratio. Ao mode, meanwhile, becomes the flexural or 
bending wave of the plate; its phase velocity co' is 
approximately equal to (wd)1/2{E/[3(1 - U2)P s }}{/4, aand its 
group velocity, c aO is equal to 2caO ' For a thin plate, Ao 
mode is essentialty a transverse mode, i. e. the z-component 
of the displacement, Wz ' dominates. We plot Wz for the Ao 
mode vs z/d for these three cases shown in Fig. 7. Curve A, 
B, and C are respectively for the cases of ktd ~ 0.015, 0.1, 
and 1. One obvious observation is that Wz is more or less 
constant with respect to z for thin plates. Under such 
circumstance, the plate may be considered as a lump element 
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Fig.6. The relative phase velocity change vs h/(2d) for the 
case of ktd ~ 0.015. The symbols of n+n represent 
the results calculated from the dispersion equations 
when both sides of the plate are bordered with a water 
layer, the symbols of the empty rectangles stand for 
the results calculated from the acoustic impedance 
approach for the same situation, and the symbols of 
n*n represent the results derived from the acoustic 
impedance approach when only one side of the plate is 
bordered with a water layer. 
instead of a distributed system. In other words, the 
acoustic impedance concept could be used as a good 
approximation. For bending 
waves, the acoustic impedance of the plate, Zs' is given by 
[4, 5] 
(6) 
where M is the mass per unit area of the plate, which is 
equal to p (2d), B is its bending stiffness, which is given 
by [E/(l _su2)] (2d3/3). Meanwhile, the acoustic impedance of 
the water layer seen by the plate, Z~, may be calculated from 
the acoustic pressure of the plate dlvided by the z-component 
of the particle velocity at the surface of the plate, which 
is 
(7 ) 
When the plate and the fluid layers are coupled together, the 
total acoustic impedance of the system, Zt' is simply equal 
to the equivalent acoustic impedance of Zs and two of ZL in 
series, i. e. Zt = Zs + 2Z L. since the total impedance of the 
system, Zt' is pure imaginary (any irreversible loss is 
neglected), the phase velocity of this case can be determined 
under the condition Zt = 0 [4], which yields 
(8 ) 
The numerical results calculated from the equation for the 
above-mentioned thin plate cases are plotted in Fig. 5 and 
Fig. 6 by empty rectangles. We could see the results are in 
excellent agreement with those derived from the dispersion 
equations. However, they are in better agreement for the 
lower ktd case shown in Fig. 6 than the higher case shown in 
Fig. 5. In order to see the limitation of the acoustic 
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Fig.7. Plots of the amplitude of the z-component of the 
particle velocity of Ao mode, Wz ' vs zjd. Curve A, B, 
and C are respectively for the cases of ktd ~ 0.015, 
0.1, and 1. 
impedance approach, we also compared the two approaches for 
the k~d ~ 1 (d = 0.0477 cm) case. For this case, the maximum 
relat1ve error caused by using the acoustic impedance 
approach reaches 16%. This is probably what we would expect 
from Fig. 7. Curve C in Fig. 7 describes the amplitude of 
the particle velocity of Ao mode of the plate vs zjd for the 
ca se of ktd ~ 1. At the center of plate, the amplitude is 
only about 70% of that at the surface of the plate. 
Therefore, it is not a good approximation to consider the 
plate as a lump element. 
For applications of biosensing, it is useful to 
consider situations when a thin plate is bordered with a 
liquid layer on one side and the other side is free. For 
thin plates, as we have shown that the acoustic impedance 
approach is a valid one. Now the total impedance is the sum 
of Zs and ZL. The phase velocity can be determined by letting 
Zs + ZL = o. The results derived from the equation for the 
above-described thin plate cases are represented by "*" in 
Figs. 5 and 6. 
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